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The maximally entangled states are excellent candidates for achieving Heisenberg-limited mea-
surements in ideal quantum metrology, however, they are fragile against dissipation such as particle
losses and their achievable precisions may become even worse than the standard quantum limit
(SQL). Here we present a robust high-precision measurement scheme via spin cat states (a kind
of non-Gaussian entangled states in superposition of two spin coherent states) in the presence of
particle losses. The input spin cat states are of excellent robustness against particle losses and their
achievable precisions may still beat the SQL. For realistic measurements based upon our scheme,
comparing with the population measurement, the parity measurement is more suitable for yielding
higher precisions. In phase measurement with realistic dissipative systems of bosons, our scheme
provides a robust and realizable way to achieve high-precision measurements beyond the SQL.
PACS numbers: 03.65.Ta, 03.75.Dg, 03.65.Yz, 03.75.Gg
Precision metrology and parameter estimation are of
great significance in both fundamental sciences and prac-
tical technologies. Quantum metrology aims to improve
estimation precision via quantum strategy [1–3]. The es-
timation precision via separable states of N particles is
bounded by the standard quantum limit (SQL), which
scales as 1/
√
N . The estimation precision can be en-
hanced by multi-particle quantum correlations, such as
quantum entanglement [1–3] and quantum discord [4].
In particular, by employing maximally entangled states
[Greenberger-Horne-Zeilinger (GHZ) states and NOON
states], the estimation precision can be improved to the
Heisenberg limit (HL) [5–9], which scales as 1/N . En-
tangled atoms could enhance clock accuracy, entangled
photons could enhance imaging resolution, and entangled
spins could enhance field sensitivity. The principles of
quantum metrology have been extensively used to design
practical quantum devices, such as, atomic clocks [10–12],
gravitational wave detectors [13, 14], and magnetic field
sensors [15–17]. In recent, by employing spin squeezed
states of Bose condensed atoms, phase sensitivity has
been enhanced beyond the SQL [18–24]. Furthermore,
by employing non-Gaussian entangled states of Bose con-
densed atoms, phase sensitivity can also been enhanced
beyond the SQL in the absence of spin squeezing [25].
In realistic experiments, decoherence inevitably exists
in the process of signal accumulation. Most entangled
states are sensitive to decoherence and become fragile
against particle losses. In particular, the maximally en-
tangled states are extremely fragile against particle losses
and the optimal precision may even be worse than the
SQL [26–28]. In the quantum metrology via Bose con-
densed atoms or photons [18–23], a typical kind of de-
coherence is particle losses [25, 29–32]. Therefore, it is
a great challenge to find experimentally available states
which may achieve high precision and meanwhile are ro-
bust against particle losses [33, 34]. Naturally, two im-
portant questions arise: (1) how the particle losses during
the signal accumulation process affect the estimation pre-
cision? and (2) how to use achievable and robust entan-
gled states to accomplish optimal parameter estimation
under particle losses?
In this Letter, we present a robust high-precision phase
measurement scheme via quantum interferometry with
spin cat states under particle losses. The phase accu-
mulation process under particle losses is described by a
Markovian master equation. We calculate the ultimate
estimation precision for various spin cat states under par-
ticle losses. We find that the spin cat states are robust
against particle losses and may still achieve high preci-
sion beyond the SQL. Furthermore, by comparing the
optimal precisions achieved by the parity measurement
and the population measurement, we find that the par-
ity measurement is more suitable for accomplishing dis-
sipative quantum metrology beyond the SQL. By using
currently available techniques of Bose condensed atoms,
spin cat states can be prepared via the Kerr nonlinearity
due to atomic collisions [25, 35, 36], and phase informa-
tion can be extracted by parity/population measurement
via counting atoms [37].
In Fig. 1, we show the schematic diagram of our phase
estimation procedure under particle losses. First, the sys-
tem is prepared in a desired input state. Then the input
state evolves under the action of the quantity to be mea-
sured and then accumulates an unknown phase φ, which
is determined by the energy difference δ and the evolution
duration T . Finally, to extract the accumulated phase
φ, a proper measurement of the output state is imple-
mented. Usually, the preparation and the detection can
be accomplished in a short period of time. Therefore, for
simplicity, we only consider the dissipation in the phase
accumulation process. Taking into account the dissipa-
tion effects on phase accumulation, we will search achiev-
able optimal spin cat states for implementing dissipative
quantum metrology.
The spin cat states are in superpositions of multiple
2FIG. 1: (Color online) Schematic diagram for the phase mea-
surement process in the presence of particle losses. γa and γb
indicate the damping rates in mode a and mode b. Here, the
input state is prepared to probe and the phase accumulation
is induced by a free evolution. The phase information is ex-
tracted by applying a pi/2 pulse on the output state and then
measuring a certain observable.
spin coherent states [38–40]. To implement phase mea-
surement, we consider spin cat states in the form of
|Ψ(θ, ϕ)〉CAT = NC(|θ, ϕ〉 + |pi − θ, ϕ〉), (1)
where NC denoting the normalization factor and |θ, ϕ〉
being the spin coherent state (SCS)
|θ, ϕ〉 =
[
sin(
θ
2
)e−iϕ/2a† + cos(
θ
2
)eiϕ/2b†
]N
|vac〉 . (2)
Here, the two SCS’s have the same azimuthal angle ϕ,
N = a†a+ b†b is the total particle number, |vac〉 denotes
the vacuum state of no any particles, and {a†, b†} are
bosonic creation operators. In the Dicke basis {|J,m〉},
the SCS reads as,
|θ, ϕ〉 =
J∑
m=−J
cm(θ)e
−i(J+m)ϕ |J,m〉 , (3)
with cm(θ) =
√
(2J)!
(J+m)!(J−m)! cos
J−m
(
θ
2
)
sinJ+m
(
θ
2
)
and
J = N2 . Without loss of generality, we assume the az-
imuthal angle ϕ = 0 and the initial total particle num-
ber N = 40. Below we abbreviate |Ψ(θ, ϕ = 0)〉CAT to
|Ψ(θ)〉CAT. For θ = 0, |Ψ(θ)〉CAT is the so-called NOON
state [6, 41], which is a maximally entangled state (GHZ
state) in superposition of all particles in mode a and all
particles in mode b. For θ = pi/2, |Ψ(θ)〉CAT is actu-
ally the SCS with no entanglement. In the region of
0 ≤ θ ≤ pi/2, the degree of entanglement decreases with
the polar angle θ. In the bottom of Fig. 2, we show
Husimi distributions for spin cat states with different θ.
For 0 ≤ θ < pi/2, there are two peaks in each Husimi
distribution. In particular, for modest θ, the two peaks
are entirely separated. It has been theoretically demon-
strated that spin cat states can be prepared via nonlinear
Kerr effects [6, 35, 42, 43] and cavity-QED state reduc-
tion [44–46]. In experiments, spin cat states have been
generated in atomic Bose-Einstein condensates via non-
linear dynamical evolution [36] and in thermal atoms via
confined quantum Zeno dynamics [47].
FIG. 2: (Color online) Top: Estimation precisions of spin
cat states versus θ for different values of η. Bottom: Husimi
distributions for the input spin cat states. The triangles de-
note the best optimal estimation precisions. The red and
orange dash-dotted lines indicate the SQL and HL, respec-
tively. Here, the initial total particle number N = 40 and the
parameter η = e−γT with the damping rate γ and the phase
accumulation time T .
The phase accumulation is governed by the Hamil-
tonian Hˆ0 = δ(bˆ
†bˆ − aˆ†aˆ)/2 = δJˆz with δ being the
inter-mode energy difference. Without loss of gener-
ality, we assume δ = 1. The input state |Ψ(θ)〉CAT
will evolve into a phase-dependent state |Ψ(θ, φ)〉 =
exp(−iHˆ0T ) |Ψ(θ)〉CAT = exp(−iφJˆz) |Ψ(θ)〉CAT, where
φ = δT is the relative phase. In phase accumulation,
the Bose condensed atoms may collide with the resid-
ual thermal atoms and then be kicked out of the trap.
This dissipative process is well described by one-body
loss [26, 30]. Therefore the phase accumulation obeys a
Markovian master equation [17, 48, 49],
∂ρ
∂t
= − i [H0, ρ] + γa
(
aˆρaˆ† − 1
2
aˆ†aˆρ− 1
2
ρaˆ†aˆ
)
+ γb
(
bˆρbˆ† − 1
2
bˆ†bˆρ− 1
2
ρbˆ†bˆ
)
, (4)
where ρ is the reduced density matrix, and γa,b are the
damping rates. In our calculation, we assume γa = γb =
γ and therefore the amount of particle losses is given
as N(1 − η) with η = e−γT . The master equation (4)
also holds for the phase accumulation process of photons
under one-body losses.
3For a given φ-dependent output density matrix ρout(φ),
the ultimate measurement precision for φ is imposed by
the quantum Crame´r-Rao bound (QCRB),
∆φ ≥ ∆φmin ≡ 1√
NmFQ
, (5)
where the quantum Fisher information (QFI)
FQ = Tr[Lρ(ρ
′)ρLρ(ρ
′)], (6)
with ρ′ = dρ(φ)/dφ and the symmetric logarithmic
derivative Lρ(ρ
′). To derive the measurement precision
∆φ, one has to calculate the QFI of the output state to
be observed. Expressing the density matrix in a diagonal
form, ρout(φ) =
∑
j pj |ψj〉〈ψj |, the Lρ(ρ′) reads as
Lρ(ρ
′) =
∑
j,k;pk+pj 6=0
2
pk + pj
〈ψk|ρ′out|ψj〉 |ψk〉〈ψj | , (7)
and so that the QFI can be given as
FQ =
∑
j,k;pk+pj 6=0
2
pk + pj
|〈ψk|ρ′out|ψj〉|2 . (8)
Obviously, the measurement precision ∆φ is deter-
mined by the state ρ(φ) to be observed. Actually, due
to the accumulated phase φ = δT is a function of the
time T , the measurement precision ∆φ also depends on
the time T . In Fig. 3, for the input states |Ψ(θ)〉CAT of
θ = {0, pi/4, 5pi/16, pi/2}, we show how the ultimate mea-
surement precision ∆φmin varies with T for γ = 0.05.
Our results show that the ∆φmin achieved by the GHZ
state (θ = 0) increases rapidly with T , while the ones
achieved by other three states increases slowly. In com-
parison with the GHZ state, the other three states are
more robust against particle losses. Up to a modest T ,
the measurement precision achieved by the two spin cat
states (θ = pi/4 and 5pi/16) still beat the SQL and are
much better than the ones achieved by the GHZ state and
the SCS (θ = pi/2). This indicates that, for a modest T ,
spin cat states are excellent candidates for implementing
dissipative quantum metrology.
Usually, FQ has to be calculated numerically. To
simplify the calculation process, an analytical upper
bound F˜Q to FQ for an arbitrary input state |Ψ〉in =∑J
k=−J Cm |J,m〉 evolving under one-body loss has been
given in Refs. [26, 27]. For different input states
|Ψ(θ)〉inCAT and different values of η, we calculate the val-
ues of F˜Q and FQ. Our results show that the values of
F˜Q are very close to the ones of FQ. This means that one
can use F˜Q instead of FQ itself to derive the QCRB (5).
To find the optimal input spin cat state |Ψ(θ)〉CAT, we
calculate the ultimate measurement precision ∆φmin for
all possible θ. In Fig. 2, we show how ∆φmin varies with
θ for different values of η. In the absence of particle losses
FIG. 3: (Color online) Ultimate measurement precision
∆φmin versus phase accumulation time T . The blue-dashed
and yellow-solid lines correspond to the measurement pre-
cisions achieved by the spin cat states |Ψ( 5pi
16
)〉CAT and
|Ψ(pi
4
)〉CAT, respectively. The green and pink solid lines cor-
respond to the measurement precisions obtained by the GHZ
state (|Ψ(0)〉CAT) and the SCS (|Ψ(
pi
2
)〉CAT), respectively.
The Husimi distributions for these four input states are shown
on the generalized Bloch spheres. The red and orange dash-
dotted lines label the SQL and the HL, respectively. Here,
the damping rate γ is chosen as 0.05.
(η = 1), the measurement precision achieved by the GHZ
state is better than other ones. However, in the presence
of particle losses (η < 1), the GHZ state becomes frag-
ile and its achievable measurement precision is not the
best one. For all input states, the measurement precision
becomes worse and worse when the amount of particle
losses becomes larger and larger. With modest amount
of particle losses, most of the input states can still achieve
high precision beyond the SQL. The best optimal mea-
surement precisions (labeled by triangles) and their cor-
responding input states sensitively depend on the amount
of particle losses. The optimal input state changes from a
GHZ state to a spin cat state when the amount of parti-
cle losses increases. For η = {0.975, 0.95, 0.925, 0.9, 0.8},
the optimal input states are the spin cat states of 2θ ≈
{0.24pi, 0.49pi, 0.58pi, 0.63pi, 0.73pi}. In particular, up to a
relatively large amount of particle losses (η = 0.8), al-
though the measurement precision achieved by the GHZ
state dramatically deteriorate, the measurement preci-
sion achieved by the optimal spin cat states can still beat
the SQL. Instead of the GHZ state with maximum entan-
glement, the spin cat states with moderate θ are better
candidates for implementing precision measurements be-
yond the SQL. This means that, in the presence of parti-
cle losses, although the GHZ state is fragile, the spin cat
states are much more robust for precision metrology.
To extract the phase from the output state, similar to
the single-particle Ramsey interferometry, a pi2 -pulse is
4applied to the output state and then a suitable observable
Oˆ is observed. The reduced density matrix for the final
state reads as,
ρf = UˆX†pi/2ρout(φ)Uˆ
X
pi/2, (9)
where the unitary operator UˆXpi/2 = exp
[
ipi
2 Jˆx
]
=
exp
[
ipi
4
(
aˆ†bˆ+ aˆbˆ†
)]
. Therefore, for Nm times of mea-
surements, the phase uncertainty is given as
∆φ =
∆Oˆ√
Nm|∂〈Oˆ〉/∂φ|
(10)
with 〈Oˆ〉 = Tr
[
Oˆρf
]
, 〈Oˆ2〉 = Tr
[
Oˆ2ρf
]
and ∆Oˆ =√
〈Oˆ2〉 − 〈Oˆ〉2. Therefore, in a realistic measurement,
the measurement precision depends on the input state,
the phase accumulation process and the measured ob-
servable. Here, we discuss two typical observables: the
parity Πˆb = exp(ipibˆ
†bˆ) for mode b and the half popula-
tion difference Jˆz = (bˆ
†bˆ− aˆ†aˆ)/2. For different amounts
of particle losses, according to the formulae (10), we cal-
culate the best measurement precision achieved by dif-
ferent input states (see Fig. 4). For the non-dissipative
case (η = 1), the measurement of Πˆb is optimal for all
input spin cat states and the achieved measurement pre-
cision (blue diamonds) is completely consistent with the
QCRB (green curves). For dissipative cases (η < 1), al-
though the precision achieved by measuring Πˆb is a bit
worse than the QCRB, it still shows similar tendency of
the QCRB. However, for both non-dissipative and dissi-
pative cases, if and only if the input states are close to
SCS, the precision achieved by measuring Jˆz (pink dots)
is well consistent with the QCBR. Comparing with the
Jˆz-measurement, the parity measurement is more suit-
able to beat the SQL under particle losses. Similar to
the precisions derived from the QCBR, the ones obtained
from the parity measurements also show that the input
spin cat states are of excellent robustness against particle
losses and the achieved measurement precision can still
be much beyond the SQL.
Now, as an example, we discuss potential application
of our scheme in realistic phase measurements via atomic
Bose-Einstein condensates. In a recent experiment [25],
enhanced phase measurement has been demonstrated by
employing non-Gaussian entangled states of an atomic
Bose-Josephson system [18, 19, 23, 50]. By using the
nonlinear Kerr effects due to atomic collisions, spin cat
states can be generated in the Bose-Josephson systems
via dynamical evolution [25, 42] or ground state prepa-
ration [6, 35, 43]. In particular, the self-trapped ground
states for symmetric Bose-Josephson systems with neg-
ative nonlinearity [35, 43] are very close to the spin cat
states (1). The nonlinearity can be controlled by tuning
s-wave scattering lengths via Feshbach resonances [18] or
FIG. 4: (Color online) Phase measurement precision achieved
by measuring the parity Πˆb (blue diamonds) and by measur-
ing the half population difference Jˆz (pink dots) for different
amounts of particle losses (1−η) with the input spin cat states
corresponding to 0 ≤ θ ≤ pi/2. The green curves denote the
QCRB. The red and orange dash-dotted lines correspond to
the SQL and the HL, respectively.
adjusting spatial overlaps via spin-dependent forces [19].
Once the desired input states are prepared, the inter-
mode coupling and the nonlinearity are turned off and
the system evolves under a field-free evolution for phase
accumulation. During the phase accumulation, due to
the collisions between Bose condensed atoms and resid-
ual thermal atoms [25, 30], the system obeys the master
equation (4). At last, the parity/population measure-
ment of the final state can be accomplished via the avail-
able techniques of counting atoms [37].
In summary, we have presented a robust scheme for
implementing dissipative quantum metrology with spin
cat states. We find that the input spin cat states are of
excellent robustness against particle losses and may still
5achieve high-precision measurements beyond the SQL.
Furthermore, we also investigate the cases of two-body
particle losses as well as correlated dephasing and the
results also indicate that the input spin cat states are
robust [51]. In realistic measurements based upon our
scheme, our analysis shows that the parity measurement
is more suitable for yielding high precision beyond the
SQL. It is possible to utilize our scheme for realistic
phase measurements with dissipative many-body systems
of Bose condensed atoms.
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